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PHASE AND GROUP REFRACTIVE INDICES FROM THE
COLLISIONLESS MAGNETOIONIC THEORY

By Lawrence Colin and Kwok-Long Chan
Ames Research Center

and

Jack G. K. Lee
Informatics, Inc.
Palo Alto, California

SUMMARY

Graphs of phase and group refractive indices computed from the collision-
less magnetoionic theory are presented. The indices are computed for both
the entire range of electron concentration and the intensity of the earth's
magnetic field to be encountered by operational topside ionospheric sounders
in the International Satellites for Ionospheric Studies (ISIS) series
(Alouette I, Explorer XX, Alouette II, ISIS-A, ISIS-B).

INTRODUCTION

Swept high-frequency radar soundings of the earth's ilonospheric plasma
have been performed routinely and bottomside ionograms collected for over
Lo years by more than 100 ground-based stations. Topside ionograms obtained
from sounders on board the earth-orbiting satellites Alouette I and
Alouvette II have been collected since 1962. The theory of propagation of
electromagnetic waves in an ionized medium (i.e., the magnetoionic theory) is
well documented and generally accepted (refs. 1 and 2). The key parameters
affecting the propagating waves are the phase and group refractive indices
which, in turn, define the wave phase and group velocities relative to the
velocity of light in free space. These indices are functions of the radar
wave frequency, the local ionospheric electron concentration, the earth's mag-
netic field intensity, the angle between the directions of the wave normal and
magnetic field, and the particle collision frequencies. Computations of
phase and group refractive indices appropriate to the ionosphere below the
Fz layer peak, for restricted ionospheric models and for particular geograph-
ical locations, have been published (refs. 3-5). The earth-orbiting radar
sounder has made it necessary to consider these indices at substantially all
geographic longitudes and latitudes at heights from 300 to 3000 km. Within
this range the collisionless magnetoionic theory is applicable. It is the
purpose of this report to present graphs of the indices appropriate to the
entire range of electron concentration observable during a sunspot cycle
throughout the above geographical region. Applications of these results to
the reduction of topside sounder data are reviewed by Jackson (ref. 6). The



results are also applicable to other types of experiments involving propaga-
tion of electromagnetic energy through cold magnetoionic plasmas.

REFRACTIVE INDICES

The phase and group refractive indices are defined by

b= c/vp (1)
pt = c/vg = u + f(ou/or) (2)
where
V) phase refractive index
p! group refractive index
vp phase velocity
vg group velocity
c velocity of light in free space
f electromagnetic wave frequency

The collisionless phase refractive index is given by the Appleton-Hartree
equation of the magnetoionic theory (ref. 1):

1/2
w=1{1- X (3)
1 - ¥ sin® 6 4 Y sin® 0 , y2 o2 8
2(1 - X) L1 - x)2
where
X = £,%/f% = N/12,4%00£%
N electron concentration, electrons/cm?
f electromagnetic wave freguency, Mc/s
£y plasma frequency, Mc/s
and

Y = f,/f =2.8B/F
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B magnetic induction, gauss

f electron gyrofreguency, Mc/s

) angle between the directions of the wave normal and earth's magnetic

field

It can be seen that two modes of propagation are possible in a magnetoionic
medium, the ordinary mode (with the plus sign) and the extraordinary mode
(with the minus sign).

X and o.

Where

n
I

R

These are usually denoted with appropriate subscripts

For clarity the ordinary and extraordinary phase refractive indices
may be written:

< 1l/2

bo = <} - ég\ (4)

e = (1- gx‘))l/z (5)

Y2 sin® o , R

2(1 - X) 2(1 - X)
¥ sin® 6 TR

2(1 - X) 2(1 - X)

[Y2 sin®* 6 + b cos® 6(1 - X)°]

1/2

(6)

(7)

(8)

Applying equation (2) to equations (4) through (8) yields the ordinary
and extraordinary group refractive indices:

1

Mo

Il

(

\

\

1 -

1+

XY(1 - X)cos® @

5o2(Y sin2 6 +R)

X(1 - s8,) 1+ f sin2 6 /1 + %)
28,2 R 1 -

]

(9)

(10)

These equations simplify considerably for the special cases of longitudinal

propagation (6 = 0°) and transverse propagation (6 = 90°):



(a) longitudinal propagation

N X 1l/2 (ll)
Ho = < 1+ g)

1/2

“x:<‘l)_<Y> (12)
] [ xx ]
Mo = = |1 - —22 (13)
° g 2(1 + Y)2.

v XY
e = = |1 + 1h)
X uy [ 2(1 - )2 (

(b) transverse propagation

bo = (1 - )% (15)
X(l %) 1/2

= R St A 16

Hx [l 1-X- yz} (26)
vy = 5o (17)

XY=

rz_l__— 8
“x Mx [l * (1 - X - Yz)z] (18)

GRAPHS OF p AND p'

The variation of p2 with X for a given value of Y is compactly
illustrated in figure 1(a) for Y < 1 and in figure 1(b) for Y > 1. The
vertical cross-hatching bounded by the solid curves represents the computa-
tion of p,® from equation (4) while the horizontal cross-hatching bounded
by the dotted curves represents the computation of Mx2 from equation (5).
The longitudinal and transverse limits are labelled L and T, respectively,
and are computed from equations (11), (12), (15), and (16). The specific
case of Y =1/2, 6 = 45° is plotted in figure 1(a) and the case of Y = 3,
6 = 150 is plotted in figure 1(b).

For Y <1 (fig. 1(a)) there are one branch for the ordinary mode
(0 = Xs1) and two branches for the extraordinary mode (0 S X = 1 - Y and
(L -¥)/(1-7Y2cos®6) <X<1+7Y). The latter branch of the extra-
ordinary mode is referred to as the Z mode. For Y > 1 (fig. 1(b)) the
ordinary mode has two branches (0 < X <1 and (1 - Y2)/(1 - Y2 cos2 6) < X;
the latter branch is called the whistler mode and exists only when
Y2 cos2 6 > 1) while the extraordinary mode has only one branch, the 2 mode

L




branch (0 < X <1 +Y). The ordinary, extracrdinary, and Z modes are
observed as distinct reflection traces in topside ionograms.

Zeros occur in u at X = 1 (ordinary mode), X = 1 - Y (extraordinary
mode), and X = 1 + Y (Z mode). An infinity occurs in p at
X=(1L-7Y2)/[1-1Y2cos® 0] (Z mode for Y < 1 and ordinary mode for Y >1).
Both the zeros and infinities in p result in infinities in p'. It should
be noted that the infinity in p' associated with X = (1-Y2)/[1-Y2 cos2 6]
is not a wave reflection condition as are the other infinities.

For the extraordinary mode when Y >1 (i.e., the Z mode), p and p'
exhibit discontinuities at X =1 for 6 = 0 (longitudinal propagation), and

p'  exhibits a maximum at X = 1 for other angles. It can be shown (ref. 3)
that the following relationships obtain:

1/2
g = <? -7 f %) for X<1,0 =0° (19)
1/2
- < - X I) for X>1,8 =0° (20)
1 +
r1 XY o
=2 |1 + —2 for X<1,0 =0 21)
Ha = g [ 2(1 - Y)Z} ’ (
- L [1 - —-——KX——E} for X>1,86 =0° (22)
Mz 2(1 + Y)
' 1 o
=z ] —_— for X=1, 06 0 2
Mz T Y sinZ 6 )07 (23)

The variations of p' vs. X for different values of Y and 6, plotted
on a reciprocal scale to exhibit the infinities, are shown in figures 2
through 113. Table I contains a key to the order of these figures. Figures 2
through 66 are plots of u' vs. X for fixed 6, variable Y. Figures 67
through 113 are plots of pu'! vs. X for fixed Y, variable 6.

TABLES OF p AND p'

For the reader who requires greater accuracy than is obtainable from
figures 1 through 113, tabulations of p and p' may be obtained by mailing
the request card in the back of this report. The tabulated quantities
include poa, My 5 Hé: p%, SO, Sx and R. The range and increments of the
independent variasbles are:

X 0(0.1)1.9 + Y for Ysi

0(0.1)10 for Y >1
Y 0(0.1)5
o  0°(10%)90° and  15°, 45°, 75°



When values of X or Y other than these are encountered, it is suffi-
cient, for most purposes, to interpolate between the tabulated results.
Interpolation for values of 6 other than those given may not be sufficiently
accurate, however. A Fortran IV listing of a program to compute the phase
and group refractive indices for any 6 and for the X and Y intervals and
increments mentioned above is given in table II.

Ames Research Center
National Aeronautics and Space Administration
Moffett Field, Calif., 94035, Jan. 5, 1968
188-39-01-01-00-21

REFERENCES

1. Ratcliffe, J. A.: The Magneto-Ionic Theory and Its Applications to the
Ionosphere. Cambridge University Press, 1959.

2. Budden, K. G.: Radio Waves in the Ionosphere. Cambridge University
Press, 1961.

3. Whale, H. A.; and Stanley, J. P.: Group and Phase Velocities From the
Magneto-Ionic Theory. J. Atmospheric Terrest. Phys., vol. 1, no. 2,
1950, pp. 82-94.

4. Shinn, D. H.; and Whale, H. A.: Group Velocities and Group Heights From
the Magneto-Ionic Theory. J. Atmospheric Terrest. Phys., vol. 2, no. 2,
1952, pp. 85-105.

5. Becker, W.: Tables of Ordinary and Extraordinary Refractive Indices,
Group Refractive Indices and hg }c(fl Curves for Standard Ionospheric
Layer Models. Max-Planck-Institute fur Aeronome, no. 4, 1960, Berlin,
Springer.

6. Jackson, J. E.: The Analysis of Topside Ionograms. Goddard Space Flight
Center Document X-615-67-452, Sept. 1967.




TABLE I.-

INDEX TO FIGURES

Figure Mode Range of Y Range of 6, deg
2-1h X 0(0.1)0.9 0(10)90 and 15, 45, 75
15-27 7 0.1(0.1)1.0 0(10)90 and 15, 45, 75
28-40 yA 1.1(0.1)5.0 0(10)90 and 15, 45, 75
41-53 0 0(0.1)1.0 0(10)90 and 15, 45, 75
54-66 0 1.1(0.1)5.0 0(10)90 and 15, 45, 75
67-76 X 0(0.1)0.9 0(10)90 and 15, 45, 75
77-86 Z 0.1(0.1)1.0 0{10)90 and 15, 45, 75
87-9k 7 1.5(0.5)5.0 0(10)90 and 15, 45, 75
95-105 0 0(0.1)1.0 0(10)90 and 15, 45, 75
106-113 0 1.5(0.5)5 0(10)90 and 15, 45, 75
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TABLE II.- COMPUTATION OF GROUP AND PHASE REFRACTIVE INDEX

HAIN PRUGRAM e

% INPUT DATA s
{1) NTHETA = NO. OF THETA USE FOR CUMPUTATION (13)
%% (2) THETA = ANGLE THETA IN DEGREES (F7.2)

(NTHETA UF THEM, ONE THETA PEK CARD)

DIFHENSION X(200)98S0(200),SX{200) ,RiUBSO(200) yRMUXSQ(Z00)4R(200),
RIMUOP (200) yKIKUXP (200}

UINtNSIUN TROI00) 3 XX(10U ), TSOCLO0) 9 TSX(L00) s THUGSO(LGO ),
THUXSQ(L00) , THUOP(100) , THUXP (100)

CUHMUN/CUHIKP/Cyb,Y THETA

COMMUN/CUMOUT/N g Ay AX 3y TSSOy TSXy THUDSQy THUXSW,, TiHUOP  THUXP 3 TR

KREAD{5,8) NTHETA

FURMAT (13)

LU 300 I=1,NTHETA

READ(S549) THETA

FURMAT(F7.2)

THETAK = THETA®1.745329E-2

C = CUS{THETAR)

S = SIN(THETAR)

CUMPUTE Y AND A = (1=VY&x2)/(1-YL*%x2), Y = 0{0.1)5

* N = TOTAL NO. OF POINTS AROUND X = 1-Y,l,A,AND 1+Y FOR EaChH Y

DU 250 J=1,51

N =0

T4 = J

Y = (Td=-1.0}*0,.1

A = (LaO=Y3u2] /{1laU=(Y&C)w52)

<« CUNVERT A TO 2 DECIMAL PLACES

NA
Ta
A = TA%0L01
IFIY.6TL09) GO TO 14
X1=1.0-Y

Xe=1.U

X3 = 1la0+Y

GU TU 15

X1l = 1.0

XZ = 1.0+Y
IF{YeGTWs1la0) GO TO 16

A% 100 &0

non
=
p~3

< NX = NUs UF X VALUES USE FUR CUMPUTATION , (X=0(Uel)2+Y 1F Y LESS

THAN OR EQUAL TO 1, X=0(0.1)10 IF Y GREATER THAMN 1)

4]
4
4>
44
45



16
17
18

19

25

NX = (2.0 + Y)*10.0 + 1.0

G0 TU 17

NX = 101

WRITE(6,418)

FURMAT (1H1440X447HCOMPUTATION OF GROUP AND PHASE REFRACTIVE INDEX)
WKITE(6419) THETA,Y

FORMAT (1HO y9Xy6HTHETA= 9 Fbde 192X92HY=3F3.1)

WRITE(6,21)

FORMAT(1HO9 11Xy 1HX9 12Xy 1HR s 11X 95HMUDS Q911X 42HSOy 12Xy THMUOPRIMy7X,

FS5AMUXSQ 9 11X 9 2HSX 912Xy THMUXPRIM/ /)

COMPUTE REFRACTIVE INDEXES FOR VARIOUS X
DU 100 K=1,NX

TK = K
GX = (TK-1.0)*0a1
GK = SQRT({Y#S%S} %2 + (2.0%C%(1le0- GX ))%3k2)

CALL URDI(GLX,Y,GR,6S0,GMUOSH,GMUOP)
CALL EXDRD{GX,Y3GRyGSXyGMUXSQyGMUXP)
X{K) = GX

R{K) = GR

SU(K}) = GSO

SX(K) = GSX

RMUUSQ(K) = GMUUSW

KMUXSQ (K) = GHMUXSWE

KMUOP (K) GMUOP

RMUXP{K) GMUXP

CONTINUE

« CUMPUTE KEFRACTIVE INDEXES AROCUND X= 191-Yy l+Ya{1-Y&k2)/(1-YL%%2)

CALL IWNTERM(X1)

CALL INTERM(X2)

CALL INTERA(A)
IF(Y.6CT.0.9) GO TO 20
CALL INTERM(X3)

* REARRANGE SET XX(K) AND THEIR ASSUCIATE VARIABLES INTO ASCENDING
© ORDER

NM1 = N-1

DO 30 K=1,Nil
KP1 =Kk+1

DU 30 L=KPLlsN
IFAXXIK)=XX(L)} 30,300,425
TEMPL= XX{K)
TEMP2= TSU(K)
TeME3= TSX(K)
TeEMP4= TMUOSU(K)
TEMPS5= TMUXSQ(K)
TEMPE= TMUUP(K)



w
o

35

40

INA
45
200

250
300

10

TEMPY= TMUXP (K)

TEMPB= TR(K)

TRIK)=TR(L)

AXAR)= XX (L)

TSUlR)= Ts0{L)

TSX(K)= TSX(L)

TMUUSQIK)= THUOSQ(L)
TMUXSW (K) = THUXSQ(L)

THUOP (K) = TMUOP(L)
THUXP(K) = TiUXP(L)

XX{L) = TERPL

TSulL)= TeMP2

TSX(L)= TEMP3

TMUUSQ(L)= TEMP4
TMUXS@Q(L)= TEMPD

TMUUP (L) TENPO

TMUXP (L) = TEMPT

TRILY= TEelP8

CUNTINUE

v =1

DU 200 K=1,NX

IF(FeGToN) GU TU 44
TRF{XX(M)eGTeX(K}) GU TU 44
TF(X(K)=XX{i) e 6TU009) 60 TO 35
M= H+1

GU Tu 4¢
TFLABSIXX (M) =XX{M+1))eGT40.009) GO TO 40
b =i+l

GU TU 35

[{I

WRITE(6445) XX(i9) g TROM) 3 THUOSQ (R ) g TSO(M )y THUOP (14} y THUXSQ (M)

TSX{M)y THUXP (i)
Fi=p+1
GU Tu 32
WRITE(6445) XEK) yRIK) yRMUCSQ(K ) 9 SO(K) yRMUOP {K) 3 RMUXSW{K) o
SX(K) yRHUXP(K)
FURMAT IR 9Fl4e294X9EL2e59F12e¢594X3E126543F16.59F12.594X9EL12.5,

#Fl645)

CUNTINUE
CUNTINUE
CONTINUE
STuP

EnD

91
92
93
94
95
96

97
98

100
lul
102
103
104
105
1u6
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135



C SUBRUUTINE TO COMPUTE REFRACTIVE INDEX FOR X AROURND 1-=Y,141+4Y 136

C 137
SUBROUTINE INTERM{X1) 138
DIMENSTON TR{100)sXX{100}sTSO(100),TSX(100),THUBSQ{100}, 139

% TMUXSQ (100 ), THUOP(L0Q) » THUXP {100} 140
CUMMUN/CUMINP/CySy Y, THETA 141
COMMOUN/CUMOUT/NyAs XX TSOs TSXs THUOSOQ , TMUXSW y THUOP » THUXP 4 TK 142
IF(XLeLEWsU0) RETURN 143

C#%% X VARIES IN STEP OF 0.01 144
DO 10 L=2410 145
TL=L 146
X={TL=1.0)%0.01 + (X1-0.1) 147
IF(XeLTe0s0) RETURN 148
R= SQRT(({Y*SAS)a%k2 + (2,0%C*(Le0=X))*%2) 149
CALL UORD(XyY4RySOyRMUOSUyRMUDP) 150
CALL EXORD{X4Y,RySX,RMUXSQyRMUXP) 151
N =iN+1 152
TRIN) = R 153
XX{N) = X 154
TSO(N}= SO 155
TSX(N)= SX 156
TMUOSQ{N) = RMUOSQ 157
THMUXSQIN) = RMUXSQ 158
THMUOP(N) = RHUDP 159
THUXP(N) = RMUXP 160

10 CONTINUE 161
RE TURN 162
END 165

164
165
L66

C SUBROUTINE TU COMPUTE REFRACTIVE INDEX FOR X AROUND (1-Y#i42)/(1-YL%%2 167

C 168
SUBROUUTINE INTERA(X1) lLey
DIMENSTION TR{100)¢XX{100)yTSO{100),TSX{100), THMUOSO(100), 170

* THUXSW(100),THUGP(100), THUXP (100) 171
CUMIMUN/CUMINP/C S, Y, THETA 172
COMMON/ CUMOUT/Ny Ay XXy TSO» TSXy THUOSQy THUXSQy TMUOP 9 THUXP 5 TR 173
IF(X1eLT+040) RETURN 114

© X VARIES IN STEP OF 0.01 LS

D0 10 L=2,10 176
TL=tL 11t
X={(TL-1.,0)%0.01 + X1 178
R= SQRT{(Y*S#S)a%2 + (2,0%Ck{1,0-X))*%*2) 179
CALL URD(X3Y3RyS0,RMUCSQ,RHUOP) 160

11
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SUBROUTINE TO COMPUTE THE ORDINARY WAVE GROUP AND PHASE REFRACTIVE

CALL EXORD (XY 3RySXyRMUXSQyRMUXP)

N =N+1

TRIN) = R

XX{N) = X

TSO(N)= SU

TSX{N}= SX
TMUUSQIN) = RMUDSQ
TMUXSQIN) = RMUXSQ
TMUOP (N) = RMUOP
THMUXP (N} = RMUXP
CONTINUE

RETURN

END

INDEX (MUOPRI AND MUO)

X
Y

= (FN/F)SQ
= FH/F

THETA = ANGLE THETA IN DEGREES
MUO = PHASE REFRACTIVE INDEX
MUQGPRI = GROUP REFRACTIVE INDEX

39
40

SUBROUTINE ORD(X,Y,R,S0yMUOSQyMUDPRI)

REAL MUOl,MUD2,MUOSQ,MUC,MUOPPL,MUOPPZ,MUOPRI
CUMMOUN/COMINP/C 43Sy Y THETA
IF(THETAGEQeOeOeAND e XeGE«0e 99999 AND«XeLE«1,00001) GO TO 39
SOL=Y#{1e0+C*CH{140-2.0%X))+R

SO2=Y*§*k*2 + R

SO = S01/S02

MUOLl= Y*({1la0+C*%2) + R

MUG2= SO1

MUDSQ = (le0-X)%k({MUOL/MUO2)
IF{MUUSQeLE.O+0.0R ABS{MUOSQ) «LT+1.0E~5) GO TO 40
MUO = SQRT(MUOSW)

MUUPPL= (Le0=X)=((YkSkS)*{1.0+X)) /R

MUOPP2= (Y%CHC*X) /(S 2R {YHRSFR2+R ) )

MUUPRI= (1.0-MUDPP2=MUDPPL)/NMUD

RETURN

SU = 1.0

MUOSY = V.0

MUOPRI=10000.0

RETURN

181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
1986
199
200
201
202
PASE)
2U4
<05
206
207
208
209
210
«11
212
213
14

225
224
225
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227

228

229

SUBROUTINE TO COMPUTE THE EXTRAORDINARY WAVE GROUP AND PHASE 230
REFRACTIVE INDEX{MUXPRI AND MUX) 231
232

X = (FN/F)SQ 233
Y = FH/F 234
THETA = ANGLE THETA IN DEGREES 235
MUX =  PHASE REFRACTIVE INDEX 236
MUXPRI= GROUP REFRACTIVE INDEX 237
238

SUBROUTINE EXORD(XsYsRySXsMUXSQeMUXPRI) 239
REAL MUXL o MUX2 9 MUX3 3 MU X4y MUX24 s MUXSQy MUX sHUX PP L4 MUXPP 24 HUXPRI 240
COMHUN/ CUMINP/CySs Yo THETA 241
IF(THETA.EQ.0.0) GO TO 60 242
IF{ABS(1.0-Y).GE.0.,01) GO TO 10 243
IF(X.LT.0.01) GO TO 15 244

10 IF(ABS{1.0-X}.G6T.0.001) GO TGO 20 245
IF(Y.EQ.0.0) GO TO 75 246

SX = 10000.0 247
MUXSQG = 1.0 248
MUXPRI = 1.0 + 1.0/((Y%5)%%2) 249

RE TURN 250

20 SXI = (1e0=X)+Y#%2%(X%Cx%2-1.0) 251
SX2 = 2.0%(1.0=X)—(Y%S)##24Y%R 252

SX = 2.0%(SX1/5X2) 253

25 MUXL1= 1.0+Y=X 254
MUX2= S$X1 255
MUX3= (1.0-X}%5X2 256
HUX4= 2.40% (1a0=X) 552 (Y5S )% 2+ Y%R 257
MUX24 = MUXZ2%MUX& 258
MUXSW ={1a0-X=Y)5{ (MUXLHMUX3) /FUX24) 259

IF (MUXSQeLE+0.0s0RWABS(MUXSU) e LT W14 0E=5) GO TO 50 260
MUX = SQRT(MUXSQ) 261
MUXPPL = (X3(1.0=SX))/(2,0%SX%%2) 262
MUXPP2 = 1.0+((Y%S%%2)/R)%((1a0+X)/(1a0=X)) 263
MUXPRI = (1.0+MUXPPLAMUXPP2) /MUX 264
RETURN 265

60 IF(ABS(1.0-Y).GE.0.01) GO TO 65 266
IF(X.LT.1.0) 6O TO 49 267
IF(ABS(1.0-X).LT.0.001) GO TO 15 260

SX = 2.0 269
MUXSU = 1.0 — X/(1.0+Y) 270

13



65

14

IF(MUXSQeLE«UUORJABS(MUXST) o LT 1 0E=5) GO TU 50
MUXPKT = {(1eU — (X%Y)/(2.0%01a0+Y)522))/SQRT (MUXSH)
RETURN

IF(Y.LTs1eU) GO TO 7O
IF(ABS(1.U=X)e6TeULUOL) GU TU 2V
SX = 10000

MUXSO = 1.0

MUXPKI = 10000.0

RETURN

IF(ABS(140-X)s06T40.001) GO TU 20
IF(Y.EQ.U0) LG TO 75

GU TU 15

SX = 1.0

Gu TU 50U

SX =040

MUXSW = 10000.0

MUXPRI= 1u000.U

RETURN

SX =00

MUXSQ = 0.0

MUXPRI= 10000.0

RETURN

END
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Figure 57.- Variation of p' vs. X; ¥ = 1.1 - 5.0; 6 = 20°.
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